The chemical potential (µ) dependence of the topological susceptibility with two-color two-flavor QCD is studied. We find that at temperature T ≈ T c /2, where T c denotes the critical temperature at zero chemical potential, the topological susceptibility is almost constant throughout 0 ≤ aµ 1.0, while at T ≈ T c , it decreases significantly from the µ = 0 value in a high µ regime. In this work, we perform the simulation for µ/T ≤ 16, which covers even the low temperature and the high chemical potential regime. In this regime, we introduce a diquark source term, which is characterized by j, into the action. We also show our results for the phase diagram in a low temperature regime (T ≈ T c /2), which is obtained after taking the j → 0 limit of the diquark condensate and the Polyakov loop.
Introduction: two-color QCD with diquark source
To elucidate the QCD phase diagram in the low-temperature and high-density regime is still a hard task, since there are at least two principle difficulties, namely, the sign problem and the numerical instability problem. In this work, we avoid the sign problem by considering the SU(2) N f = 2 theory. The fundamental representation (=quark) of the SU(2) gauge group takes a (pseudo)real representation, so that the SU(2) gauge theory coupled to an even number of flavors does not suffer from the sign problem [1] . On the other hand, numerical instability occurs in the highdensity regime (µ m PS /2 with the quark chemical potential µ and the pseudoscalar meson mass m PS ). This instability comes from a dynamical pair-creation and/or pair-annihilation of the lightest hadrons. To solve this problem we have to modify the action [2] . In this work, we introduce a diquark source term in the action by utilizing the Wilson lattice fermion [3] and then study the phase structure and its topological property in the low-temperature and high-density regime that satisfies µ/T ≤ 16 with the temperature T .
Simulation detail
The lattice gauge and fermion actions used in this work are the Iwasaki gauge and the naive Wilson actions, respectively. The two-flavor fermion action including the quark number operator and the diquark source term on the lattice is given by
Here, the indices 1, 2 denote the flavor label, and J andJ correspond to the anti-diquark and diquark source parameters, respectively. For simplicity, we put J =J and assume that it takes a real value. Note that J = jκ, where j is a source parameter in the continuum theory, and the factor κ comes from the redefinition of the Wilson fermion on the lattice. The operator C in the last two terms denotes the charge-conjugation operator, and τ 2 acts on the color index. The action (2.1) includes three types of fermion bilinears:ψψ,ψψ, and ψψ. To write the kernel matrix in the fermion action in a single form, we introduce the extended fermion matrix (M ) as
2)
Results
Before investigating the finite density regime, we have fixed our lattice parameters at µ = 0. The lattice extent in the µ = 0 simulations is set to 16 3 × 32 and 24 3 × 48 [4] . (7)), respectively. Utilizing the reference scale (t 0 scale) in the gradient-flow method, we have also obtained the relationship between β and the lattice spacing. The lattice spacing at β = 1.0 is almost half of the one at β = 0.8.
The Hadronic-QGP phase transition at µ = 0 occurs around β = 0.8 and N τ = 8. In this work, we thus denote the temperature at β = 0.8 and N τ = 8 as T c . We show the results obtained for the fixed β (0.8 and 1.0) on the lattice extent (16 4 ). In the common notation, they correspond to the "zero-temperature" simulations, but here we manifestly express the corresponding temperatures as T = T c /2 and T = T c , respectively.
Phase diagram at T = T c /2
Firstly, we determine the finite µ phase diagram at T = T c /2. We focus on two order parameters, namely, the Polyakov loop and the diquark condensate. The magnitude of the Polyakov loop (|L|) is an approximate order parameter for confinement, while the diquark condensate (≡
2 ) is the one for superfluidity. Following the previous works [2, 3, 5] , we use the name of each phase as shown in Table 1 . The µ-dependence of the Polyakov loop is shown in Fig. 1 . The values of the diquark source ( j = J/κ) are distinguishable by color; the data with red, blue, green, and magenta symbols are generated by the j = 0.00, 0.01, 0.02, and j = 0.04 simulations. Note that the theoretical threshold µ value of the numerical instability, where the lightest hadrons are frequently created and annihilated in the medium, is µ/m PS = 1/2. In fact, we can carry out the HMC simulation without the diquark source for µ/m PS < 1/2, but the Metropolis test in the HMC simulation can not be accepted even within a tiny Montecarlo step (∼ 1/1000) for µ/m PS 1/2. In such a high µ regime, therefore, we utilize the RHMC algorithm including the diquark source in the action.
The left panel of Fig. 1 shows that the value of the Polyakov loop is non-zero for µ/m PS 1.2. It is a signal of the confinement/deconfinement phase transition (or crossover) in the high density regime. The susceptibility of the Polyakov loop obtained at j = 0.04 is exhibited in the right panel of Fig. 1 . There is a peak at µ D /m PS ∼ 1.45. No clear j-dependence of the peak position is observed in our calculations.
The second quantity to be calculated in determining the phase diagram is the expectation value of the diquark condensate. The difficulty in finding the critical µ where superfluidity emerges comes from the extrapolation of the j → 0 limit. We propose a reweighting method with respect to j at fixed β , µ, and κ 1 . Then, the reweighting factor, generally given between the original lattice parameter set (β 0 , κ 0 , µ 0 , j 0 ) and the measured parameter set (β , κ, µ, j), reads
In our calculation, the value of J = j · κ is at most O(10 −6 ), so that the Taylor expansion, det[1
, works very well. In fact, we numerically confirm that the leading correction of the reweighting factor (R j − 1) is less than O(10 −5 ) in our calculations. The left and right panels in Fig. 2 present the j-dependence of the diquark condensate in the low-µ and high-µ regimes, respectively. The data for j < 0.01 are obtained by the reweighting from the configurations generated at j = 0.01.
The left panel shows that the data denoted by red-circle and blue-square symbols (µ/m PS < 1/2) go to zero in the j → 0 limit, while those by green-diamond and magenta-triangle symbols (µ/m PS ≥ 1/2) have non-zero expectation values in the same limit. The critical value, µ B /m PS = 1/2, is consistent with the threshold value of the numerical instability in the HMC simulation without the diquark source in the action. It indicates the appearance of superfluidity in the calculation without the j-term.
In the high µ regime, as shown in the right panel in Fig. 2 , we find that the µ-dependence of the diquark condensate changes from the j = 0.04 behavior in the smaller j regime. In fact, the extrapolated value in the j → 0 limit decreases with µ for µ/m PS 1.45, which corresponds to aµ 0.90 in lattice unit. The same behavior has been observed in the SU(2) N f = 4 staggered case in Ref. [2] and has been suggested to be a signal of the lattice artifact. We need a careful study of the volume-and mass-dependence to give a conclusion. Now, let us summarize the data of the Polyakov loop and the diquark condensate, which give a phase diagram shown in Fig. 3 . According to our notation of each phase given in Table 1 are three phases at T = T c /2, namely, the hadronic, BEC, and SF phases. Thanks to reweighting in j, we can precisely find the location of the phase transition between the hadronic and BEC phases as µ B /m PS ≈ 1/2. The scaling law around the critical point,
is also investigated. Here, we take µ B /m PS = 0.49 and obtain the best-fit value of the critical exponent as β m = 0.546; the corresponding scaling is shown by dashed curve (magenta) in the right panel in Fig. 3 . It is roughly consistent with the prediction by the chiral perturbation theory in the mean-field approximation (β m = 1/2) [7] .
Topological charge at finite density
Now, let us study the µ-dependence of the topological charge (instanton number). For this purpose, we utilize the gluonic definition:
and use the gradient flow method in measuring Q. The number of measured configurations for each set of the lattice parameters is 50, and the flow time of the gradient flow is also fixed at t/a 2 = 40. the topological susceptibility in each phase is summarized in Table 2 . They agree with each other within 2 σ . We also confirm that the results obtained with j = 0.02 for each µ(> 0) are consistent with the corresponding data with j = 0.04. The result is qualitatively different from the earlier works that used the SU(2) N f = 4 theory on 12 3 × 24 lattice [8] and SU(2) N f = 8 theory on 14 3 × 6 lattice [9] . In these works, the decrease in the topological susceptibility with µ has been observed in the high µ regime. To find a hint on the origin of such qualitative difference, we also investigate the β (or T ) dependence of the topological susceptibility. . At µ = 0.00, there is still a broad distribution of Q, while in the high chemical potential regime (aµ = 0.90), most configurations localize at the Q = 0 sector. It suggests that the µ-dependence of the topological susceptibility strongly depends on the temperature; near T = T c it decreases from the µ = 0 value in the high µ regime, but at the lower temperature (T ≈ T c /2) it becomes independent of µ.
Summary
We investigate the phase diagram at low temperature (T ≈ T c /2) and find that there are at least three phases: the hadronic, BEC, and superfluid phases. To determine the critical point at which superfluidity emerges, we propose the method for reweighting in the diquark source parameter while keeping the other lattice-parameters fixed. The critical exponent of the diquark condensate is almost consistent with the prediction from the chiral perturbation theory in the leading approximation. Furthermore, we find that the diquark condensate in the j → 0 limit decreases with µ near aµ = 1.0. It might be manifestation of a lattice-artifact phase by the saturation of the baryon density on the finite lattice.
We also investigate the topological susceptibility in all three phases. At T ≈ T c /2, the topological susceptibility is independent of the value of the chemical potential for aµ < 1.0. Near T = T c , on the other hand, it drastically decreases from the µ = 0 value in the high chemical potential regime. We expect that a transition from the superfluid to the QGP phase takes place in the high µ regime between T ≈ T c /2 and T ≈ T c .
